Abstract. In this paper, we introduce the annular instanton Floer homology which is defined for links in a thickened annulus. It is an analogue of the annular Khovanov homology. A spectral sequence whose second page is the annular Khovanov homology and which converges to the annular instanton Floer homology is constructed. As an application of this spectral sequence, we prove that the annular Khovanov homology detects the unlink in the thickened annulus (assuming all the components are null-homologous). Another application is a new proof of Grigsby and Ni's result that tangle Khovanov homology distinguishes braids from other tangles.
Introduction
In [Kho00] , Khovanov defined a bi-graded homology group for a link in S 3 which categorifies the Jones polynomial of the link. Since then, the relationship between Khovanov homology and Floer homology theories in different settings has been studied a lot.
The first such result is due to Ozsváth and Szabó [OS05] : they constructed a spectral sequence whose E 2 -page is the (reduced) Khovanov homology of the mirror of a link L in S 3 which converges to the (hat version) Heegaard Floer homology of the branched double cover of S 3 over L.
Similar results were proved by Bloom [Blo11] in the monopole Floer homology case and Scaduto [Sca15] in the framed intanton homology case. All the above spectral sequences are related to the Floer homology of the branched double cover of S 3 . In [KM11], Kronheimer and Mrowka constructed a spectral sequence converging to a version of singular instanton Floer homology of a link. Their singular instanton Floer homology is a very strong invariant of knots. In particular, it detects the unknot [KM11] and the trefoil [BS18] . As applications of of their spectral sequence, it was shown that Khovanov homology detects the unknot [KM11] and the trefoil [BS18] .
In [APS04] , Khovanov homology was generalized for (framed) links in a I-bundle over a compact surface (possibly with boundary). In particular, their definition works for links in a thickened annulus. We call it the annular Khovanov homology in this situation. In [Rob13] , Roberts constructed a spectral sequence whose E 2 -page is the annular Khovanov homology of the mirror of a link and which converges to the (hat) Heegaard Floer hmology of certain branched double cover. In this paper, we define an analogue of the annular Khovanov homology in the singular instanton Floer homology setting, called the annular instanton Floer homology. The annular instanton Floer homology is related to the annular Khovanov homology by a spectral sequence.
1 Theorem 1.1. Let L be a link in the thickened annulus and L be its mirror image. There is a spectral sequence whose E 2 -page is the annular Khovanov homology AKh(L; C) and which converges to the annular instanton Floer homology AHI(L; C).
The annular Khovanov homology AKh(L) is triply graded where the first two gradings are similar to homological grading and the quantum grading in the standard Khovanov homology. The third grading is new and a similar grading is defined for AHI(L; C). We also prove that the above spectral sequence preserves this grading (Theorem 5.15).
Suppose T is a balanced admissible tangle (see Definition 2.2) in I × D where I = [−1, 1] and D is the standard 2-disk. Closing up T , we obtain a linkT in S 1 × D which is the same as the thickened annulus. Let i be the number of end points of T on the top disk. The degree i summand AHI(T , i; C) of AHI(L; C) is just the instanton Floer homology THI(T ) for tangles introduced in [Str12] . On the other hand, the degree i summand AKh(T , i) of AKh(T ) is isomorphic to the Khovanov homology TKh(T ) for tangles introduced in [Kho05] (see also [GW10] and [GN14] ). Therefore degree i summand of the spectral sequence of Theorem 1.1 gives the following. Corollary 1.2. Let T ⊂ I × D be a balanced admissible tangle and T be its mirror image. There is a spectral sequence whose E 2 -page is the tangle Khovanov homology TKh(T ; C) and which converges to the tangle instanton Floer homology THI(T ).
This corollary is an analogue of the spectral sequence relating tangle Khovanov homology and sutured Heegaard Floer homology in [GW10] . By a theorem of Street [Str12] , THI(T ) ∼ = C if and only if T is isotopic to a braid. Therefore we obtain a new proof of the following. This theorem (with Z/2 coefficients) is first proved in [GN14] . The original proof uses the spectral sequence in [GW10] as well as the unknot detection result in [KM11] .
Khovanov also defined a sequence of invariants Khr n (K) of a knot K ⊂ S 3 which categorify the (reduced) n-colored Jones polynomials in [Kho05] . In [GW10b], they generalized Ozsváth-Szabó's spectral sequence to the case of colored Khovanov homology. Similar to their result, another application of Corollary 1.2 is a generalization of the spectral sequence in [KM11]. Theorem 1.4. Let K be a knot in S 3 and K be its mirror image. There is a spectral sequence whose E 2 -page is the reduced n-colored Khovanov homology Khr n (K; C) and which converges to the reduced singular instanton Floer homology I ♮ (K; C).
Let L ⊂ S 1 × D be link with all the components null-homologous. A properly embedded surface Σ in S 1 × D is called an admissible surface for L if it is a connected orientable surface which is bounded by a circle and disjoint from L. With the help of Kronheimer-Mrowka's instanton Floer homology for sutured manifolds [KM10b] , we prove a non-vanishing result for the annular instanton Floer homology. If AHI(L; C) is supported at degree 0, then by the above theorem there is a properly embedded disk in S 1 × D which is disjoint from L. This means L is included in a three-ball B 3 ⊂ S 1 ×D. By Theorem 1.1 (and the discussion below it), we have the following. Corollary 1.6. Suppose L ⊂ S 1 × D is a link with all the components nullhomologous and AKh(L) is supported at degree 0 (the third grading), then L is included in a three-ball B 3 ⊂ S 1 × D.
When an annulus link L is included in a three-ball B 3 ⊂ S 1 × D, we have AKh(L; 0) (0 is the third grading) is isomorphic to Kh(L) (view L as a link in B 3 to define Kh(L)) as a bi-graded abelian group. Together with the result that Khovanov homology detects the unlink [BS15, HN13] , we have the following. Corollary 1.7. Suppose L ⊂ S 1 × D is a link with k components and all the components are null-homologous. If AKh(L) is supported at degree 0 (the third grading) and AKh(L, 0) ∼ = Kh(U k ) where U k denotes the unlink with k components, then L is an unlink in S 1 × D.
An unlink in S 1 × D means a link bounding a collection of disjoint disks in S 1 × D. For any annulus link L, there is a spectral sequence whose E 1 -page is AKh(L) and which collapses at E 2 -page to Kh(L) where we use the standard embedding S 1 × D ⊂ S 3 to make L into a link in S 3 and define Kh(L) [Rob13] . In particular, if K is a knot with rank AKh(K) = 2, then we have rank Kh(K) ≤ 2 hence K is an unknot in S 3 by [KM11]. However, this argument cannot tell us that K is an unknot in S 1 × D. For example, the knot in Figure 1 is an unknot in S 3 but it is a null-homologous non-trivial knot in S 1 × D.
This paper is organized as follows: Section 2 is a review of the definitions of annular Khovanov homology and tangle Khovanov homology. In Section 3, we present necessary background on Street's instanton Floer homology A crossing 0-smoothing 1-smoothing Figure 2 . Two types of smoothings theory for tangles which will be used later. We define the annular instanton Floer homology and prove Theorem 1.5 in Section 4. In Section 5, we prove Theorem 1.1. Finally we apply Theorem 1.1 to derive Corollary 1.2, Theorem 1.3 and Theorem 1.4 in Section 6. In this paper all versions of Khovanov homologies are defined over Z unless otherwise specified. All the instanton Floer homologies are defined over Z unless we specify the coefficients or the Floer homology group is defined as a generalized eigenspace for an operator. We use complex coefficients whenever we take the generalized eigenspaces.
Annular Khovanov Homology
In this section we will review the annular Khovanov homology defined for (framed) links in an thickened annulus, which is a special case of the invariants defined in [APS04] . An elaboration and adjustment of their definition with Z/2-coefficients can be found in [Rob13] . Since we need to work in characteristic 0, we will follow the discussion in [Rob13] to review the definition and deal with the sign carefully in this section. The annular Khovanov homology of a link is a triply-graded abelian group. But we will omit the discussion of the first two gradings because only the third grading is important for us in this paper.
We use A to denote an annulus. Let L ⊂ A × I be a link with a projection to A ∼ = A × {0}. The projection gives a diagram D with c crossings. Fix an order for the crossings. Given any v = (v 1 , v 2 , · · · , v c ) ∈ {0, 1} c , we obtain a collection of circles in A by resolving the crossings using 0-smoothing or 1-smoothing determined by v (see Figure 2 ). There are two types of circles: circles that bound disks and homologically non-trivial circles. We can them trivial circle and non-trivial circles respectively. Define graded free abelian groups V := Z{v + , v − } with deg v ± = 0 and W := Z{w + , w − } with deg w ± = ±1. Given any v ∈ {0, 1} c , suppose there are a trivial circles and b non-trivial circles in the resolution determined by v, then we define
This means that we assign a copy of V to each trivial circle and a copy of W to each non-trivial circle. If we change the 0-smoothing at a crossing into a 1-smoothing, then in the resolution either two circles merge into one circle or one circle splits into two circles. We use u ∈ {0, 1} c to record the new resolution. To define a map from CKh v to CKh u , it is enough to specify maps between abelian groups assigned to the circles involved in the merging or splitting. In the case two trivial circles merge into one trivial circle, the maps are
In the case a trivial circle and a non-trivial circle merge into a non-trivial circle, the maps are
In the case two non-trivial circles merge into a trivial circle, the maps are
If one circle splits into two circles, there are also cases obtained by reversing the above three cases. The relevant maps are
In this way, we obtain a map d vu : C v → C u when u−v = e i where e i denotes the i-th standard basis vector of R c . This map preserves the grading. Now we define
and equip it with a differential
Since D preserves the grading, the homology
is a graded abelian group. We denote the degree m summand by AKh(L, m). If L is included in a three-ball B 3 ⊂ A × I, then there is no non-trivial circle in any resolution. In this case, we have AKh(L) is supported at degree 0 and AKh(L) ∼ = Kh(L). This isomorphism respects the homological and quantum gradings on both sides.
We use D to denote a 2-dimensional disk and
T is called vertical if T has no closed component and every strand of T has one end point in D + and another end point in D − .
Khovanov homology for tangles (we will call it tangle Khovanov homology and denote it by TKh) is introduced by Khovanov in [Kho05] . An elaboration of Khovanov's construction in Z/2-coefficients can be found in [GW10b] and [GN14] . It can also be defined as a direct summand of the annular Khovanov homology for a specific link. Let T ⊂ I ×D be a balanced admissible tangle such that |T ∩ D + | = m. We can close up T to obtain a linkT ⊂ S 1 × D. Notice thatT is not unique. By [GW10, Theorem 3.1] or [GN14, Proposition 2.4], we have
In particular, AKh(T , m) does not depend on the way we close up T . 
Instanton Floer Homology for Tangles
• ω is an embedded 1-manifold in Y meeting K normally at ∂w. Then ω determines an orbifold SO(3) bundleP →Y (more precisely, the singular bundle data in [KM11]) on Y with orbifold points K and w 2 (P ) the Poincaré dual of [ω] . We say the triple (Y, K, ω) is admissible if there is an embedded surface Σ ⊂ Y such that either
• Σ is disjoint from K and ω · Σ is odd; or • Σ intersects K transversally and Σ · K is odd. In this situation, the instanton Floer homology group
is defined in [KM11] as the Morse homology of the Chern-Simons functional on the space of orbifold connections with the asymptotic holonomy around K to be an order 2 element in SO(3). It is a relatively Z/4-graded abelian group. When Y is disconnected, the instanton Floer homology group can still be defined if we require each connected component is admissible.
Let Σ be a submanifold of Y . If Σ is disjoint from K, then an operator µ(Σ) of degree (4 − dim Σ) on I(Y, K, ω; C) can be defined. We follow the convention in [KM10b, DK90] . Roughly speaking, µ(Σ) is defined by evaluating the class − an integral class, we use complex coefficients whenever we are studying the operator actions. In most situations of this paper, Σ will be an embedded surface. Now suppose Σ is an embedded surface intersecting K transversally. In this case, µ(Σ) depends on the choice of extension of P → M×(Σ\Σ∩K) to M × Σ. At each point in Σ ∩ K, there are two different choices of extensions. To obtain a well-defined operator, we first pick one choice at each point to define an operator, then reverse all the choices to define another operator and finally take the average of these two operators. We denote the last operator by µ orb (Σ). The operator µ orb (Σ) is well-defined and does not depend on the choice of extension. See Section 2.3 in [Str12] for more details and notice that our convention is different from [Str12] : the operators in [Str12] are defined by p 1 of the universal bundle instead of our − A cobordism (W, S, ω) between two admissible triples (Y, K 1 , ω 1 ) and (Y 2 , K 2 , ω 2 ) induces a homomorphism
which is only well-defined up to an overall sign in general. This sign ambiguity can be resolved with some extra requirements. We will deal with this later when we need it.
Let K m ⊂ S 1 ×S 2 be the submanifold x) is 2 and the eigenvalues of µ orb (R) on I(Y, K, ω; C) are contained in the set C m . Moreover, the generalized eigenspace of µ orb (R) with eigenvalue l is isomorphic to the generalized eigenspace with eigenvalue −l.
The proof is the same as the proof of Corollary 7.2 in [KM10b] . The second part is because µ orb (R) is a degree 2 operator on a Z/4 graded space: the isomorphism is given by α → ( √ −1) deg α α where α is a homogeneous element in the Floer homology group. 
to denote the generalized eigenspace for the operator µ orb (Σ) for the eigenvalue n. The operator µ orb (Σ) can also be replaced by
In this definition we do not require m to be odd. Let (Y 1 , K 1 , ω 1 ) and (Y 2 , K 2 , ω 2 ) be two admissible triples. Suppose R i ⊂ Y i (i = 1, 2) is an embedded sphere such that R 1 · ω 1 = R 2 · ω 2 mod 2 and 
, 2) and identify the four boundary components by h then we obtain a new admissible triple ( Y ,K, ω). There are two embedded spheres R 1 and R 2 which are homologous. We pick one of them and denote it by R. Street's excision theorem is the following.
The isomorphism is induced by a cobordism. Part of the cobordism is the product of (S 2 , {m points}) and the saddle surface in Figure 3 . In Figure  3 , the two red dots represent R 1 and R 2 and the two green dots represent R 1 and R 2 . In the complement of Figure 3 , the cobordism is the product cobordism.
This theorem is an analogue of [KM10b, Theorem 7 .7] where they do excision along genus g surfaces (assuming K is empty). The excision theorem along tori is due to Floer [Flo90] . The proof of this theorem relies on the onedimensionality of the top (generalized) eigenspace, as stated in Proposition 3.1.
Let u i be an arc in a S 2 -slice in S 1 × S 2 that joins two circles in K m . The triple (S 1 × S 2 , K m , u 1 + · · · u l ) is still admissible if we assume each circle in K m is touched by only one arc. Apply the excision theorem to two copies of this triple we obtain the following.
Proposition 3.5. We have
where R is a S 2 -slice disjoint from those arcs u 1 , · · · , u l and m is an odd number.
From now on we fix an arc u joining two connected components of K m . The critical points of the Chern-Simons functional for the triple (S 1 × S 2 , K 2 , u) consist of SU (2) representations (modulo conjugacy) of π 1 (S 1 × S 2 \ (K 2 ∪ u)) satisfying that the holonomy on the meridians of K 2 is conjugate to i ∈ SU (2) and the holomony on the meridian of u is −1. The complement of K 2 in S 1 × S 2 is S 1 × D 1 where D 1 is an open disk punctured at the origin. We also assume the arc u lies in a D 1 -slice and goes from the origin to the boundary. There is a unique critical point: it is the representation which maps S 1 × {pt} to i and the circle around the origin to j. Therefore I(S 1 × S 2 , K 2 , u) ∼ = Z and µ({pt} × S 2 ) is 0 since it is a degree 2 operator on a Z/4-graded space.
In general, the complement of
is an open disk punctured at (m−1) points. In this case, there are 2 m−2 critical points. S 1 × {pt} and the small circle around the origin are still mapped to i and j respectively. The small circles around the new punctures are mapped to ±i. We use R m to denote the S 2 -slice in (Y, K m , u). From Proposition 3.5 and the symmetry of eigenvalues we know the eigenvalues of µ orb (R 3 ) are ±1. This implies the degrees of two critical points described above differ by 2. Otherwise µ orb (R 3 ) must be 0 as an operator of degree 2. In particular, there is no differential in the chain complex, we have
The two generators are interchanged by the diffeomorphism which is defined by reflecting the S 1 factor. We also need to use another type of excision theorem. Let (Y, K, ω) be an admissible triple with two connected components and T 1 , T 2 be two disjoint separating tori which are in different components of Y , disjoint from K and have non-zero pairing with ω (mod 2). Pick a diffeomorphism h : T 1 → T 2 . Cut along those two tori and re-glue by h to obtain a new admissible triple ( Y , K, ω). The following theorem is a special case of [KM11, Theorem 5.6]:
Theorem 3.6. Let (Y, K, ω) and ( Y , K, ω) be given as above. Then
Remark. When Y is connected, the above theorem still holds if we use complex coefficients and take the generalized eigenspace for µ(x) with eigenvalue 2 on the right hand side.
Pick a boundary torus T of the regular neighborhood of one component of K 3 that is touched by u. Then we have u · T 1 = 1. Take two copies of the triple (Y, K 3 , u), cut along the two copies of T and re-glue, we obtain two admissible triples (S 1 × S 2 , K 4 , u) and (S 1 × S 2 , K 2 , u). By Theorem 3.6, we have
So we conclude I(S 1 × S 2 , K 4 , u) ∼ = Z 4 . Moreover, the above isomorphism is induced by a cobordism from (
where R 3 and R ′ 3 denote the S 2 -slices in the two copies of (S 1 × S 2 , K 3 , u) respectively. Hence the isomorphism (after complexifying both sides) intertwines the map µ orb (R 4 ) ⊗ 1 + 1 ⊗ µ orb (R 2 ) on the incoming end with
on the outgoing end. Instead of using R ′ 3 , we abuse the notation R 3 when it does not cause any confusion. Since µ orb (R 2 ) = 0, the eigenspace decomposition of µ(R 4 ) is also clear from the isomorphism. In particular the top generalized eigenspace (with eigenvalue ±2 in this case) is again 1-dimensional. Iterating this excision procedure, we have
This isomorphism (again after complexifying both sides) intertwines µ orb (R m ) with
So eigenspace decomposition is also clear and the top generalized eigenspace (with eigenvalue ±(m − 2)) is 1-dimensional. This time m could be even.
Tangle Floer homology.
The following definition of instanton Floer homology for balanced admissible tangles is adapted from Street's definition for a more general situation.
Definition 3.7. Suppose T ⊂ I × D is a balanced admissible tangle. Glue another pair of (I × D, I × {p 1 , p 2 }) to (I × D, T ) by identifying ∂D × I in the obvious way, we obtain a pair (I × S 2 , T ⊔ I × {p 1 , p 2 }). Identify the top and bottom 2-spheres (denoted by R ± ) by an arbitrary diffeomorphism that closes up T into a linkT and I × {p 1 , p 2 } into product circles S 1 × {p 1 , p 2 }, the resulting pair is (S 1 × S 2 ,T ⊔ K 2 ). The instanton Floer homology for the tangle T is defined as
where u is an arc joining two connected components of K 2 as before and R is the resulting 2-sphere after identifying
is odd, using Theorem 3.4 and the fact I(S 1 × S 2 , K l+2 , ∅|R l+2 ) is 1-dimensional, one can show that THI(T ) (or THI odd (T )) does not depend on the choice of the diffeomorphism h as in [KM10b, Corollary 4.8]. If l is even, we can apply the torus excision to
as we did in the calculation of I(S 1 × S 2 , K m , u) to obtain
where both R and R ′ are the S 2 -slices. Then the problem is reduced to previous case. Next we state a non-triviality result due to Street.
Theorem 3.8. Let T ⊂ I ×D be a vertical balanced admissible tangle. Then THI(T ) ∼ = C if and only if there is an orientation-preserving diffemorphism of pairs
Our statement here is not exactly the same as Theorem 3.4.4 in [Str12] , in which he concludes that T is a product tangle if THI(T ) = C. What he actually proves is that the complement of a tubular neighborhood of T is a product manifold, which is equivalent to our statement. The tangle T is the same as the product tangle modulo diffeomorphisms on I × D. In this paper, we want to define two tangles to be equivalent if there is an ambient isotopy which moves one tangle to another one and fixes the end points of the tangle all the time. It may happen that f cannot be isotoped to the identity map through an isotopy fixing the end points of the tangle. So we cannot conclude T is a product tangle in our sense. Instead, we have the following.
Corollary 3.9. Let T ⊂ I × D be a vertical balanced admissible tangle. Then THI(T ) ∼ = C if and only if T is isotopic to a braid.
Proof. By Theorem 3.8, it suffices to show that there is a diffeomorphism
if and only if T is isotopic to a braid. The braid group B m is isomorphic to the mapping class group
of a m-punctured disk rel the boundary. To be more precise, the isomorphism M m → B m can be constructed as follows. Given an element [f ] ∈ M m , the map f can be extended into a map f : D → D which is the identity map on the boundary. There is an isotopy
If T is a braid, then the isotopy h t is the diffeomorphism F we need. On the other hand, if we have a diffeomorphism F in (3.1), by composing with (id I ×F 1 ) −1 where F 1 : D → D is defined as F | {1}×D , we obtain a diffeomorphism F ′ : I × D → I × D whose restriction on {1} × D is the identity map. The map F ′ is isotopic to a diffeomorphism F which is the identity map on I × ∂D ∪ {1} × D and preserves the I-coordinate. Moreover, this isotopy can be chosen to be identity on {1} × D ∪ {−1} × D ′ where D ′ is a smaller disk in D but still contains p 1 , · · · , p m . We can define an isotopy h t := F {t}×D . From the construction we see T is isotopic to the braid defined by (3.2).
To illuminate Street's techniques, we prove a detection result for odd tangle Floer homology, whose proof is adapted from the proof of Theorem 3.8 in [Str12] . 
where u is an arc joining the first and second components of K m , we obtain
where w is an arc joining L 1 and L 2 . Do excision to
along tori T 1 and T 2 where T 1 = ∂N (L 1 ) and T 2 is the boundary torus of a tubular neighborhood of the first component of K 4 , we obtain
where
is the 3-cable of L 1 and w joins L 1,3 and L 2 . Using Theorem 3.6 and taking generalized eigenspaces properly, we have
be an arc joining the (2i+2)-th and (2i+3)-th components of K m+2 . Let u 0 be an arc joining the first two components of K m+2 and u ′ be an arc joining the third and fourth components of K m+2 . Apply Theorem 3.4 and Proposition 3.5 to
we obtain
is an arc joining L 2i and L 2i+1 while w 0 is an arc joining L 1,1 and L 1,2 . Now do excision to
and T 2 is the boundary torus of a tubular neighborhood of one component of K 2 , we obtain
Using Theorem 3.6 and taking proper generalized eigenspaces, we have
where we use T ′ to denote the tangle obtained by replacing the first component of T by its 2-cable so that we haveT
NowT ′ is a link with (2l + 2) components and the components are divided into pairs joined by arcs. Let T 1 , · · · , T 2l+2 be the boundary tori
, we obtain a triple (Y (T ′ ), ∅, w ′ ) and (l+1) copies of (S 1 × S 2 , K 2 , u). The 3-manifold Y (T ′ ) can be constructed by gluing (l + 1) copies of S 1 × A (A is an annulus) to
. By Theorem 3.6 (and the remark below it), we have
After the excision, the sphere R ⊂ S 1 × S 2 becomes a genus (l + 1) surface
is defined as the simultaneous generalized eigenspace of operators µ(Σ) and µ(x) with eigenvalues 2l and 2 respectively. Now we view T ′ as a tangle in I × S 2 by gluing another copy of 
implies M is the product sutured manifold I × F where F is a punctured S 2 . Now it is clear from the proof of Corollary 3.9 that T ′ is isotopic to a braid. Therefore T is also isotopic to a braid.
Instanton Floer Homology for Links in a Thickened Annulus
In this section, we will define the counterpart of the annular Khovanov homology in the instanton Floer homology setting. We use S 1 × D to represent a thickened annulus.
4.1. Definition and basic properties.
where K 2 = S 1 × {p 1 , p 2 } and glue the two copies of S 1 × D by identifying the boundary in the obvious way to obtain a new pair (
where u is an arc joining two connected components of K 2 as before.
Example 4.2. By abuse of notation, we use K 1 to denote the homologically non-trivial circle S 1 × {pt} ⊂ S 1 × D. Then we have AHI(K 1 ) = Z 2 . We use U 1 to denote an unknot in S 1 × D, then we have AHI(U 1 ) = Z 2 . This can be seen from fact that the Chern-Simons functional for the triple (S 1 × S 2 , U 1 ⊔K 2 , u) has Morse-Bott critical manifold CP 1 (c.f. Proposition 4.10 in [KM11b] ). Alternatively, one can apply the torus excision to cut along the boundary of the neighbourhood of a circle in K 2 and re-glue the boundary by interchanging its meridian and longitude. In this way, we obtain a new triple (S 3 , U 1 ⊔ H, u) where H is a Hopf link in S 3 and u is an arc joining the two components of H. Now we have AHI( 
In particular, if one of AHI(L 1 ) and AHI(L 2 ) is torsion-free, then we have
Moreover, this isomorphism (after complexifying both sides) intertwines µ orb (R)
Proof. The proof is based on the same method that we used to calculate I(S 1 × S 2 , K m , u). Let T be the boundary torus of a tubular neighborhood of one component of K 2 . Then we have two tori
. By Theorem 3.6, we obtain the first statement of the proposition. The proof of the last part is the same as how we study the sphere operators on I(S 1 × S 2 , K m , u) in the previous section.
If we use U k to denote the unlink with k components. By Proposition 4.3 we have
The annular instanton Floer homology has a (relative) Z/4 homological grading. If we use complex coefficients, we can define another grading for it.
Definition 4.4. We define
as the generalized eigenspace for the operator µ orb (R) for the eigenvalue i ∈ Z where R is a S 2 -slice in S 1 × S 2 .
Since µ orb (R) is an operator of degree 2, the homological grading descends into a Z/2-grading after we take the generalized eigenspaces.
By Proposition 4.3, we have
if |i| ≤ l and l − i = 0 (mod 2) 0 otherwise.
Let T ⊂ I × D be a balanced admissible tangle such that |T ∩ D + | = m. We can close up T to obtain a linkT ⊂ S 1 ×D. It is clear from the definition that We also have
, the proposition follows from Corollary 3.2 directly when m is odd. When m is even, we use Proposition 4.3 to obtain an isomorphism
Since this isomorphism also intertwines the µ orb (R)-operators, we reduce the problem back into the case of odd intersection points. The second part follows from Proposition 3.2.
This map is only well-defined up to an overall sign. Let A be the category of annular links with morphisms the link cobordisms. AHI is a functor
where G p is the category of abelian groups with morphisms to be the group homomorphisms modulo ±1. along T 1 and T 2 . Choose the diffeomorphism between T 1 and T 2 properly, the new admissible triples would be
Theorem 3.6 and Lemma 4.6 imply
The effect of this excision is the same as doing 0-surgeries on the two old triples along chosen components of the links. After the excision, the Hopf link H becomes the product links in S 1 × S 2 and the arc w still joins the two components. L ⊔ K 2 becomes a link L in S 3 . L can be described by the following way (see Figures 4 and 5):
(1) Embed S 1 × D into S 3 as the standard solid torus, then L becomes a link inside the solid torus; (2) Add a meridian circle of the solid torus to L to obtain a link L ′ ; (3) Add a small "earing" to the meridian circle, the resulting link is L.
Also pick a small arc u joining the earing and the meridian.
If L is included in a 3-ball B ⊂ S 1 × S 2 , then is is clear that ( L, u) is the same as the disjoint union of L and (H, w). This is the link L ♯ in [KM11]. Therefore we have
where I ♯ (L) is the unreduced singular instanton Floer homology for L (viewed as a link in S 3 ) defined in [KM11]. Moreover, this isomorphism respects the functoriality of both sides.
For a general link L in S 1 × D, the meridian circle in Step (2) is linked with L non-trivially. Pick a basepoint on the meridian circle, then we have
where I ♮ is the reduced singular instanton Floer homology for
Let K be a knot in S 3 and pick a base point k 0 on K. Remove a neighborhood of k 0 we can obtain a vertical balanced admissible tangle T (K) in I × D. Pick a base point p 0 ∈ K 1 ⊂ S 1 × D and take the the connected sum
we obtain a new knotK in S 1 × D. Then we have
Apply Theorem 3.4 to
where R is a S 2 -slice. RI(K) := I(S 1 × S 2 ,K ⊔ K 2 , ∅) is the reduced framed instanton homology defined in [KM11b, Section 4.3]. By (4.6), (4.7) and Proposition 3.2, we have
where ω is an arc joiningK and K 1 . Do excision along two tori ∂N (K 1 ) (one in each of the two admissible triples), we obtain
By Theorem 3.6 we have
Using the same excision trick in (4.7), we can get rid of the arc ω on the right hand side of the above isomorphism:
The same isomorphism with Z-coefficients can be obtained if one use the techniques in [KM11, Theorem 5.6] to obtain an excision theorem with Zcoefficients. Now the same excision argument used to obtain (4.4) shows that
Proposition 4.8. Let K be a knot in S 3 andK, T (K) be given as above. Then
We have a relative Z/4 grading on AHI(L) where L is a link in S 1 × D. By [KM11, Section 4.5], there is an absolute Z/4 grading on I ♮ . Using (4.5), we obtain an absolute Z/4 grading on AHI. The operator µ orb (R) is of degree 2, so the absolute Z/4 grading descends to an absolute Z/2 grading on AHI(L, i).
Unoriented Skein Exact Triangle.
Let L 2 , L 1 and L 0 be three links in S 1 × D which only differ in a 3-ball by unoriented skein moves, as shown in Figure 6 . The two links L 1 and L 0 are called the 1-smoothing and 0-smoothing of L at the given crossing. The link L ′ 2 differs from L 2 by a change of crossing. We can also obtain L ′ 2 by rotating L 2 by a quarter-turn.
By Theorem 6.8 (and the discussion below it) in [KM11], we have a cyclic exact sequence
The maps in the exact sequence are induced by cobordisms (W, S i+1,i ) where W is the product cobordism I × S 1 × S 2 and S i+1,i ⊂ W is the cobordism from L i+1 to L i Therefore these maps (after complexification) commutes with µ orb (R) where R is again the S 2 -slice in S 1 × S 2 . Take the generalized eigenspaces, we have the exact sequence
Similarly, we have the exact sequence
In summary, the parity of the dimension of the annular instanton Floer homology of a link at a fixed degree is invariant under crossing-change.
Proof. Suppose L contains a null-homologous component K. After changing crossing, we can make K into an unknot U 1 and split it from the other components of L. This process does not change the parity of AHI. Denote the new link byL, then we haveL = U 1 ⊔ L ′ . By (4.2), we know AHI(U 1 , C) is supported at degree 0. Therefore by Proposition 4.3, we have
is even-dimensional. Since dim AHI(L, i) and dim AHI(L ′ , i) have the same parity, we obtain a contradiction.
Using (4.3), we can also obtain the following. 
THI(T ) ∼ = AHI(T , m)
whereT is the link obtained by closing T . So we know the parity of dim THI(T ) is invariant under crossing-change. If T is vertical, then T could be turned into a braid by crossing-change, which has 1-dimensional instanton Floer homology. Hence THI(T ) is also odd-dimensional. Now suppose THI(T ) is odd-dimensional. A closed component of T becomes a null-homologous component ofT , which makes AHI(T , m) evendimensional by Proposition 4.9. Therefore T has no closed component. Assume there is a component C of T with both end points contained in D + . Move C by isotopy and crossing-change, we can turn C into an unknotted arc included in (1 − ǫ, 1] × D for arbitrarily small ǫ. When ǫ is small enough, the slice {1 − ǫ} × D intersects the new tangle T ′ at (m − 2) points. So there is a S 2 -slice in S 1 × S 2 intersectingT ′ at (m − 2) points. By Proposition 4.5 we know THI(T ′ ) ∼ = AHI(T ′ , m) = 0 which contradicts the parity assumption on dim THI(T ). Therefore we can conclude that T is vertical. The proof of the second part of the proposition is similar.
Now we can strengthen Corollary 3.9 and Theorem 3.10 by removing the verticality assumption on T . Following the notation in [KM10b] , we have the (oriented) decomposition
where A(γ 0 ) is a union of annuli, which are neighborhoods of the sutures.
which lie in the complement of the two meridian sutures in ∂N (K i ). We have
Proposition 4.12. The sutured manifold (M 0 , γ 0 ) is taut.
Proof. According to the definition in [Gab83] , to show (M 0 , γ 0 ) is taut we need to check three things:
• The manifold M 0 is irreducible.
• The surface R ± (γ 0 ) minimizes the Thurston norm of the class
• The surface R ± (γ 0 ) is incompressible. The irreducibility of M 0 follows from the fact that it is contained in the irreducible manifold S 1 × D.
Given a properly embedded surface (F, ∂F ) ⊂ (M 0 , A(γ 0 )), the norm is defined by
where {F i } are the connected components of F . Given a homology class in H 2 (M 0 , A(γ 0 )), its Thurston norm is defined as
It is clear that x(R ± ) = x(Σ) since all the other components of R ± are of norm 0. Suppose there is properly embedded surface F whose norm is smaller than Σ and (S, ∂S) ⊂ (M 0 , A(γ 0 )) represents the same relative homology class as (R ± , ∂R ± ) in H 2 (M 0 , A(γ 0 )). So ∂F represents the same homology class as ∂R ± in H 1 (A(γ 0 )). We attach an annulus to the innermost pair of oppositely-oriented circles and "press" this annulus into the interior of M 0 . We can keep doing this until there is only one circle left.
Finally we obtain a new surfaceF with only one boundary component in each annulus in A(γ 0 ). If F has a disk component, then the boundary of this disk must lie in I × S 1 ⊂ S 1 × ∂D since the meridian sutures are homologically non-trivial in M 0 . If we glue Σ + and Σ − , then this disk is a properly embedded surface in S 1 × D which is disjoint from L. It has genus 0. By assumption, the genus of Σ must also be 0. Hence x(R ± ) = x(Σ) = 0 and the norm of F cannot be smaller than x(R ± ).
If F has no disk component, then F andF have the same norm. Throw away any sphere component inF and identify Σ + and Σ − in M 0 , we obtain a surface F ′ in S 1 × D \ N (L) whose norm is smaller than Σ and ∂F consist of the meridian sutures (isotoping F ′ if necessary) and a circle in S 1 × ∂D which is null-homologous in S 1 ×D. Now we pick annuli in N (K i ) joining the meridian sutures and add those annuli to F ′ so that we obtain a new surface F ′′ with only one boundary component. Since F has no disk component, so does F ′ . Therefore F ′′ has the same norm as F ′ , which is smaller than x(Σ). The component of F ′′ with boundary is an admissible surface in S 1 × D. Its genus is smaller than the genus Σ, which contradicts the assumption on Σ. We have R ± is norm-minimizing.
If there is a compressing disk H for R ± , then we compress R ± along H to obtain a surface R ′ ± with χ(R ′ ± ) = χ(R ± ) + 2. The norm of R ′ ± is strictly smaller than the norm of R ± unless H bounds a meridian in an annulus component of R + . Since we have shown that R ± is norm-minimizing, we must have H bounds a meridian in an annulus component of R + . However the meridians of the annulus components of R ± are homologically non-trivial in M 0 , hence we obtain a contradiction. This shows that R ± is incompressible.
Again we pick an admissible surface Σ ⊂ S 1 × D for L. This time Σ is not necessarily genus-minimizing. We can still define a sutured manifold (M 0 , γ 0 ) as before. But (M 0 , γ 0 ) is not necessarily taut. Recall that we use an admissible triple (S 1 × S 2 , L ⊔ K 2 , u) to define AHI(L). This S 1 × S 2 is obtained by gluing another copy of S 1 × D to the original copy. We may assume ∂Σ is contained in a D-slice in S 1 × D hence we can obtain a closed surfaceΣ := Σ ∪ D in S 1 × S 2 . This surfaceΣ intersects K 2 transversally at two points. We add a small meridian circle for each component of L and add a small arc joining the meridian and the component of L. Denote the union of these meridians by m L and the union of these arcs by u L . We have a new admissible triple (
to denote the generalized eigenspace of µ orb (Σ) with eigenvalue 2g(Σ). Notice that µ orb (Σ) is the same as µ orb (R) sinceΣ is homologous to the S 2 -slice R.
Proposition 4.13. We have
where SHI(M 0 , γ 0 ) is the instanton Floer homology for sutured manifolds defined in [KM10b] .
Proof. Do excision to
along the two boundary tori ∂N (K 2 ) and apply Theorem 3.6, we have
where Σ 2 is a genus 2 surface obtained by puncturing S 2 at two points and adding a handle andū is a closed non-separating circle in a Σ 2 -slice. Notice that we throw away a triple (S 1 × S 2 , K 2 , u) with 1-dimensional Floer homology in the excision. We will keep doing this in the argument to simplify the notation. For a component
and N (m i ) be small tubular neighborhood which are disjoint from each other. We do excision along ∂N (K i ) and ∂N (m i ) using a diffemorphism h : ∂N (K i ) → ∂N (m i ) that maps the longitude of K i to the meridian of m i .
After doing excision to all the components, again by Theorem 3.6, we have
where Y (L) is the manifold obtained by excision andū L is the union of closed circles obtained from u L and the excision. On the other hand, to calculate SHI(M 0 , γ 0 ), we need to close up M 0 first. Recall that A(γ 0 ) consists of an annulus I × S 1 between Σ + and Σ − on ∂M 0 and two annuli on ∂N (K i ) for each component K i . Let T 0 be genus one surface with one boundary component and T i (1 ≤ i ≤ l) be an annulus. We form product sutured manifold I × T i (0 ≤ i ≤ l) and attach them to M 0 along sutures to obtain
To be more precise, we identify I × ∂T 0 with I × S 1 ⊂ ∂M 0 and I × ∂T i (1 ≤ i ≤ l) with with the two annuli on ∂N (K i ). We have
whereR ± consist ofΣ ± := {±1}×T ∪Σ ± and a torus S 
The isomrophism in (4.9) is induced by a cobordism in which Σ 2 andΣ ′ are homologous. So we have
Combined with (4.10) and (4.11), we have
The isomorphism in (4.8) intertwines the operator µ orb (Σ) with µ(Σ 2 ). Since g(Σ ′ ) = g(Σ) + 1, we have
Together with (4.12), the proof is complete.
Our main result for this subsection is 
Next we want to relate I(
This means we need to remove the "earrings" from (
Apply Kronheimer-Mrowka's unoriented skein skein exact triangle (see Section 4.4) to a crossing between K 1 and its earring m 1 , we obtain a cyclic exact sequence
Moreover, the map in this exact sequence commutes with the action of µ orb (Σ) = µ orb (R) since those maps are induced by cobordisms in which the two copies ofΣ on the two ends are homologous. In particular, we have an exact sequence on generalized eigenspaces with a fix eigenvalue. From this exact sequence, (4.13) implies
We can repeat this argument to remove all the "earrings" to obtain
If AHI(L) is supported at degree 0, then an admissible surface with minimal genus must be of genus 0 which is just a disk. This means L is included in a three-ball B 3 ⊂ S 1 × D. By Proposition 4.7, we have
The Spectral Sequence
Let L be a link in A × I with a projection to A (more precisely, A × {0}). This projection gives a diagram D with c crossings. We also assume that the crossings are ordered. Given any element v in the cube {0, 1} c ⊂ R c , we can resolve the crossings by 0-smoothing or 1-smoothing determined by v. We denote the resulting link by L v . As a link in A, L v is just a collection of trivial (null-homologous) circles and non-trivial circles.
We 
is well-defined without an overall sign ambiguity.
By Corollaries 6.9 and 6.10 in [KM11], we have Proposition 5.1. Given links L v as above, there is a spectral sequence whose E 1 -page is
and which converges to AHI(L). Moreover, the differential on the E 1 page is
where e i is the standard i-th basis vector in R c and η(v, u) = c j=i v j .
5.1. The operator action on the spectral sequence. We also want to study the µ orb (R) action on the spectral sequence, so in this subsection we include more details of Kronheimer-Mrowka's construction of the spectral sequence in Proposition 5.1. We assume perturbations are chosen so that all the moduli spaces are regular through this subsection. We define
for any v ∈ R c . Given any v ∈ {0, 1} c , we use C v to denote the Floer chain complex (under certain perturbation) for the triple (S 1 × S 2 , L v ⊔ K 2 , u) and use d v to denote the differential on C v . Given v ≥ u in {0, 1} c , the cobordism S vu can be made into a surface S + vu with cylindrical end included in R × S 1 × S 2 in the standard way. The surface S + vu is a product surface away from |v − u| 1 four-balls where the skein moves happen. By shifting these four-balls containing the skein moves, Kronheimer and Mrowka define a family of metrics parameterized by G vu ∼ = R |v−u| 1 . There is an R-action on G vu defined by the R-translation on R × S 1 × S 2 . The quotient G vu /R is denoted byG vu . The spaces G vu andG vu are not compact in general but can be compactified into spaces G + vu andG + vu by adding broken metrics. Let
equipped with metrics in G vu with limiting connection α on the incoming end and β on the outgoing end. Here α and β are generators for C v and C u respectively. There is a obvious map M vu → G vu and the R-action on G vu can be lifted on M vu (α, β) d . We denote the quotient by
can be partially compactified by adding broken trajectories lying over broken metrics in ∂G + vu and ∂G + vu . We denote these partial compactications by M + vu (α, β) andM + vu (α, β) respectively. These are only partial compactifications because of the possible appearance of bubbles. If the dimension of these spaces are smaller than 4 then they are compact since no bubble could appear.
A group homomorphismm 
is a chain complex.
is the Floer chain complex used to define AHI(L).
Proposition 5.1 follows from the above theorem by filtering the cube C by the sum of coordinates (and choosing the sign properly).
Besides the differential F, we want to define another map on C. We move to complex coefficients in the following discussion. Let R be a sphere slice in S 1 × S 2 disjoint with all the three-balls where the skein moves of L happen. Let ν(R) ⊂ S 1 × S 2 be a neighborhood of R that contains H and is disjoint with all the skein moves. The cohomology class used to define µ orb (R) can be represented as a linear combination l a l V l where V l are divisors in B * ((−1, 1) × ν(R)) (the space of irreducible connections modulo the gauge group) and a l ∈ Q. By abuse of notation we denote the linear combination by V R and any intersection with V R appearing later should be understood as the linear combination of intersections with V l . Given v ≥ u as before, we define a map
where (M vu (α, β) 2 ∩ V l ) should be understood as pulling back the divisor V l by r : M vu → B * ((−1, 1) × ν(R)). We assume the divisors V l are generic so that all the intersections are regular. In particular, r vv :
The boundary of the 1-dimensional space (M + wu (α, β) 3 ∩ V R ) consists of broken trajectories of the following two types: A similar R-operator can be defined on (C L , d L ). Since there is a unique metric in this case, the operator is nothing but µ orb (R) : C L → C L which induces µ orb (R) : AHI(L) → AHI(K) on the homology. Next we want to show that the quasi-isomorphism in Theorem 5.3 intertwines the R-operators. We need to review the proof of Theorem 5.3. First of all, we want to extend the notation slightly. Given v ∈ {0, 1, 2} c , we can define a link L v by resolving the crossings by 0-smoothing, 1-smoothing or "2-smoothing" determined by v. Here "2-smoothing" means to keep the crossing without any change. In particular, L 2,2,··· ,2 is just L. Let C v be the Floer chain complex used to define AHI(L v ).
Suppose v ≥ u ∈ {0, 1, 2} c , a family of metrics G vu ∼ = R |v−u| 1 in defined in [KM11] when |v − u| ∞ ≤ 1 or there are v ′ ≥ u ′ ∈ {0, 1} c−1 such that v = 2v ′ , u = 0u ′ . Using those families of metrics, we can again define f vu : C v → C u as in (5.3) and the same argument shows that (5.4) holds. Similarly r vu can be defined as in (5.5) and (5.6) holds. Now (5.4) and (5.6) imply
• The following (c − 1)-"cube"
is a anti-chain map, i.e FH + HF 2 = 0.
• Let R 2 : C 2 → C 2 be the map defined by
be the map defined by
, it is shown that Proposition 5.6. H induces an isomorphism in homology.
Iterating the above discussion, one can define C 2,··· ,2 := v ′ ∈{0,1} c−k C 2···2v ′ and obtain a sequence anti-chain maps which induce isomorphisms in homology:
Take the composition of the above quasi-isomorphisms we obtain Theorem 5.3. Moreover, (5.7) implies that Proposition 5.7. The isomorphism
respects the R-action on both sides.
Since the R-action on C respects the filtration used to derive the spectral sequence in Proposition 5.1, the spectral sequence can be equipped with a C[X]-module structure where the free variable X acts by the R-action. In particular, each generalized eigenspace forms a spectral sequence which is a direct summand of the total spectral sequence. On the E 1 -page, the R-action is just the operator µ orb (R) on AHI. So we have Proposition 5.8. Given links L v as before, for each j ∈ Z there is a spectral sequence whose E 1 -page is
and which converges to AHI(L, j). Moreover, the differential on the E 1 page is
where e i is the standard i-th basis vector in R c and η(v, u) = 
given any link L included in a three-ball in the thickened annulus, we have
by Proposition 4.7. Let U 0 be the empty link. Fix a generator
Let D ± be standard disks in I × B 3 ⊂ I × A × I which give oriented cobordisms from U 0 to U 1 and U 1 to U 0 respectively. Similarly, let Σ ± be standard punctured tori in I × B 3 ⊂ I × A × I which give oriented cobordisms from U 0 to U 1 and U 1 to U 0 respectively. We summarize some results from [KM11, Section 8] we will need later.
Proposition 5.9. There are generators v + and v − for AHI(U 1 ) ∼ = Z 2 characterized by
The degrees of two generators differ by 2. And
In terms of those generators, the map induced by the pair of pants cobordism from U 2 to U 1 is given by
The map induced by the pair of pants cobordism from U 1 to U 2 is given by
We want to fix preferred generators so that the above isomorphism can be made into an identification. Assume that K 1 is oriented. Let m be a meridian of K 1 in S 1 × S 2 that is oriented properly: the product orientation of S 1 × m coincides with the boundary orientation from the tubular neighborhood of K 1 . From the discussion in Section 3 we know I(
is generated by two critical points of the Chern-Simons functional whose degree differ by 2. Those critical points are SU (2) representations of
which map S 1 × {pt} to i, a meridian of of one component of K 2 to j and m to ±i. We call the generator that maps m to i by ρ + and the other one by ρ − . To be more precise, a flat connection can only determine a generator of the Floer chain complex up to a sign. We just pick one of the two possible generators associated to the flat connection. Now we have (5.9) AHI(K 1 ) = Z{ρ + , ρ − } Assume K m is oriented. By excision and (5.9) we have
But the isomorphism from the excision is induced by a cobordism, which has an overall sign ambiguity. Again we pick one from the two possibilities then we obtain an identification
Now assume K m is oriented. From the discussion in Section 3 again, we know AHI(K m ) is generated by 2 m SU (2) representations (modulo conjugacy) of
which map S 1 × {pt} to i, a meridian of of one component of K 2 to j and m k to ±i where m k is a properly oriented meridian of the k-th component of
where ρ k = ρ ± in the identification (5.10) corresponds one of the two generators determined by the representation that maps m k to ±i where the sign depends on whether ρ k is ρ + or ρ − .
Proposition 5.10. Let V = Z{v + , v − } be the group AHI(U 1 ) and W = Z{ρ + , ρ − } be the group AHI(K 1 ). We have isomorphisms of Z/4 graded abelian groups
for all n and m satisfying the following properties: (i) Φ 0,m coincides with the identification (5.10).
(ii) Let D + n be the cobordism from U 0 to U n from standard disks as before.
The isomorphism is canonical for split cobordisms from U n ⊔ K m to itself.
Proof. The isomorphisms can be obtained from Proposition 4.3. The only issue is the sign ambiguity in the isomorphisms induced by cobordisms. The sign ambiguity is resolved by requirements (i) (ii) and (iii) (combined with Proposition 5.9). (iv) follows from the naturality of the isomorphism in Proposition 4.3.
Remark. When m = 0, this is exactly Corollary 8.5 in [KM11].
We want to define an auxiliary operator on AHI(L) similar to the one used in [KM11, Section 8.3]. Let L be a link in A × I with a marked point p on it. Also fix an orientation of L at p. Suppose
where both eigenspaces are 1-dimensional. Since σ commutes with µ orb (R), it preserves the two eigenspaces. Then σ 2 = 0 implies σ = 0 because a nilpotent operator on an 1-dimensional space must be 0. AHI(L) has no torsion, so we do not lose any information using complex coefficients. By excision we know σ = 0 on AHI(K m ). We use T to denote the surface D + ∪S − c ∪S + c ∪D − . In order to show λ 3 = λ, it suffices to prove AHI(T )(u 0 ) = 2u 0 .
Suppose AHI(T )(u 0 ) = au 0 . The surface T is a torus embedded in S 1 × S 2 . Pick a small circle C on S 2 , then T is isotopic to S 1 × C. The excision in Section 4.3 changes (S 1 × S 2 , K 2 , u) into (S 3 , H, w). Using this excision, we have I(I × S 3 , I × H ∪ T ′ , I × w)(u where u ′ 0 is a generator of I(S 3 , H, w) and T ′ ⊂ {0} × S 3 is the boundary torus of the neighborhood of a meridian around a component of {0} × H. We can move T ′ so that it becomes a torus T ′′ in {0} × S 3 that is contained in a ball disjoint from H. In this process, T ′ will intersect I × H: we first use a finger move to introduce two intersection points of opposite sign between T ′ and I × H, then we use the inverse of another finger move to remove the two intersection points and obtain T ′′ . Even though this is not exactly the same situation as in [Kro97] where the embedded surface is connected and the orbifold bundle extends, but the argument can still be used to show that I(I ×S 3 , I ×H ∪T ′ , I ×w)(u Theorem 5.15. Let L ⊂ A×I be a link and L be its mirror image. For each i ∈ Z, there is a spectral sequence whose E 2 -page is the annular Khovanov homology AKh(L, i; C) and which converges to the annular instanton Floer homology AHI(L, i).
Proof. Notice that we have an identification
CKhv(L; C) = CKh v (L; C) = AHI(L v ; C) wherev = (1, · · · , 1) − v. By Proposition 5.8, Proposition 5.9 and Proposition 5.14, we know the cube for the E 1 -page of the spectral sequence is almost the same as the cube used to define AKh(L; C) except the sign correction term in the differential. The differential on the E 1 -page is We have an isomorphism E 1 → CKh(L) which is equal to (−1) c+1+ k v 2k+1 id on AHI(L v ). Therefore the E 2 -page is isomorphic AKh(L; C). Taking the generalized eigenspaces of µ orb (R) on the E 1 -page, we obtain the desired result.
Applications of the Spectral Sequence
Recall that given a balanced admissible tangle T ⊂ D × I, we can define a closureT which is a link in S 1 × D = A × I. Assume |T ∩ D + | = m, we have TKh(T ) = AKh(T , m) Using Isomorphism (4.3) and Theorem 5.15, we have Theorem 6.1. Let T ⊂ D × I be a balanced admissible tangle and T be its mirror image. There is a spectral sequence whose E 2 -page is the tangle Khovanov homology TKh(T ; C) and which converges to the tangle instanton Floer homology THI(T ).
Corollary 6.2. Let T ⊂ D × I be a balanced admissible tangle. Then TKh(T, C) = C if and only if T is isotopic to a braid.
Proof. The "if" part is simple: in all the possible resolutions, only the trivial product tangle contributes to TKh(T ; C). We focus on the "only if" part. Suppose TKh(T ; C) = C, then by Theorem 6.1 we have dim THI(T ) ≤ 1 On the other hand, the parity of the total dimension of each page in the spectral sequence does not change after taking homology, so we know dim THI(T ) is odd. Therefore we have THI(T ) ∼ = C. By Theorem 3.9, we conclude T and T are isotopic to braids.
Given a knot K ⊂ S 3 , we can form a tangle T (K) by removing a neighborhood of a point on K. The tangle T (K) is vertical, balanced and admissible. Let T n (K) be the n-cable of T (K). We have Khr n (K) := TKh(T n (K))
where Khr n (K) is the reduced n-colored Khovanov homology of K.
